Stochastic Stability of Diffeomorphisms by Kato,Kazuhisa
Stochastic Stability of Diffeomorphisms
　　　　　　　　Kazuhisa　Kato
Ｄｃｌ)ａｒtｉ（ｔｅｎtｏｆ Ｍａtｈｅｍａticｓ，　Ｆａｃｔilり０／ Ｓｃiｅｎｃｅ
　　　　　　　　　　　　　　　　　§0.ｈ!troduction
　R. Bowen［1］introduced the notion of pseudo-orbits for ａ homeomorphism f　oi　ａ metric
space χ with distance function j as follows : Ａ sequence {xi}ifz of points X,^X is called
a h-ｐｉｅｕｄｏ-ｏｒbitof/ iff
　　　　　　　　　　　　　　　　　difxi, Xi+i)くδ
for every z･∈ΞZ We say /is 心chastic?砂皿%ble if for every E＞O there is δ＞O such that
every 5-pseudo-orbit ｛ｚ山 z of / is £-traced by an orbit of /， i.e., there is ヱＥＸ such that
　　　　　　　　　　　　　　　　　　ｊ（f‰，恥）くＥ
for every れ
　ln□I R. Bo wen proves that if / is a Cl diffeomorphism of ａ compact manifold Ｍ which
satisfies 八友omA, then the restriction of y to the ｎｏｎｖｎａｎｄｅｒｉｎｇｓｅtof /is stochastically stable.
０ｎ the other hand. A Morimoto［2］proves that every topologically stable homeomorphism
of M wi th dim Ｍ 之3 is stochastically stable. and then, using this result he proves that ａ
diffeomorphism f　o5 Ｍ which satisfies Axiom Ａ and the ｓtｒｏｎｇtｒａｎ％でｅｎａｌｉりｃｏｎｄｉtioniｓ
stochastically stable for dim 財ン1.
　1n this paper we shall first prove Theorem (2.2), and then, using Theorem (2.2) instead
of the topological stability of y， we shall prove the result of Ａ. Morimoto (Theorem (2.37)).
The idea of the proof follows that of Ｒ. Bo wen [1］and A. Morimoto [21.
　The author would like to thank Professor Morimoto for his advices.
　　　　　　　　　　　　　　　　　　§1. Filtrations
　/:Ｍ一Ｍ will always denote ａ Ci diffeomorphism of ａ compact smooth Riemannian manifold
Ｍ without boundary, which satisfies Axiom Ａ (see［４ Ｄ and the strong transversality con-
dition (see [3]). In［4］S Smale proved the ｓｐｅｃtｒａｌｄｅｃｏｍｐｏｓiti･ｏれ£ｈｅｏｒｅｍ: The nonwandering
set j2 of / can be written as the disjoint union of closed sets
　　　　　　　　　　　　　　　　　£?＝£?i U ･･･U Qχ，
where each ｌ?z is 62四元αボandtｏｐｏｌｏｇｉｃａｌｌｙ　tｒａｎsitiｖｅ，　FollowingS. Smale [4］we define
Q,. ^ Qi if and only if Ws（伍）ＵＷ“（ふ）≠φ, where Ｗs（j21）（reSp.Ｗ゛（Ｑz））iS the stａｂｌｅ
manifold (ｌｅｓｐ.　ｕｎｓtａｂｌｅｍａｎｉｆｏｌｄ)of Qt (resp. Qd.　Then, the relation j石弓Qi is a
partial ordering [41. We reindex the £）zso that 広くQi implies k<.l.
(1.1) Filtration Lemma ([5])Ｇｉｖｅｎ ｎｅｉｇｈｂｏｒｈｏｏｄｓｕ l of
Qi　theｒｅ ｅエiｓtａ７１ｉｎtｅｇｅｒｍ＞０
ａｎｄａ ｓｅｑｕｅれｃｅＩＭｏノ‥,Ｍ＾ ｌ ｏｆｃｏｍｐａｃtｓｕｂｍａｎｉかIdｓｘｏtth boｕｎｄａｒｙｏｆＭ ｓｕch that
（1）　　　　φ＝Mo⊂MI⊂‥・⊂Ｍχ＝Ｍ，
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　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　-
(2)　　. KM^･)⊂int Mi,
(3)　　必⊂int Mlづｰ゛(凪-1)⊂隔
for /= !,･･・，Ｋ.
　Take compact neighborhoods Vi of £?zso that
(1.2)　　函⊂‰⊂inI Ml－/-゛(Ｍz-1)
　　　　　　　　　　　　　　　£for /=1, ･･・ボ, Since ｕ Vz is a neighborhood of £?we can find an integer j)＞O such that
　　　　　　　　　　　　　　　Z=1
(1.3)
　　　尺
jMニＵｙｚ(ｊり、
　　　ｚａｌ
where　lら‘jj＝　Ｕ　r(y^･).
　　　　　　　　|副≦戸
　Ｌｅt　Ｈ(Ｍ)be the set of all homeomorphisms of
回緊ｊ(免､ぬ)?０Ｔ ９、φｅＨ(Ｍ)、and for∂＞0
with dCf,g}^8.
M onto Ｍ with the metric j(？､φ)＝
ど8(Ｍ)ｄｅｎｏtｅ the set of all ｇｅＨ(Ｍ)
(1.4) Lemma.Ｌｅt　９　ｅ　Ｈ(M), n e Z and {g-,。l　be a ｓｅｑｕｅｎｃｅｏｆ　ｈｏｍｅｏｍｏｒphiｓｍｓ　ofＭ
ｏｎtｏＭ. If ｄ(み,99)→0 as V-→OO
jtｈｅｎ
ｄ(９゛，ｇ？)－O a5 ジー■>■oo
　Ｐｒｏｏｆ.　We shall first prove Lemma (1.4) in the case n > 0. Since Ｍ is compact, each
9* is uniformly continuous Therefore we have
　　　　　j(ｇ？,？”)弧Σrf(9"gv"-', 9'≪+Vv''-<*゛Ｄ)
　　　　　　　　　　　£-0
　　　　　　　　　　＝Σj(？多,？印)→O as ソ→ｃ・｡
　　　　　　　　　　　1-０
　Next, we　shall　prove Lemma (1.4) in　the case　n <r 0. Since d<i9-＼g.√1)＝j(９‾1g。
9-'^9'),d(9-＼g√1)一〇 as　μ－c〉o. Therefore, by the case π≧O　we get　j(９”,ｇ？)゜
ｊ((９-1)-”,(ｇ√1)‘") ― 0 as u ―・・.
　This completes the proof of Lemma 0.4)｡
(1.5) Lemma.Ｌｅt　９　＆ Ｈ(Ｍ)ａｎｄ ｎ　ｅ.Ｚ . ＬｅtＣ ｂｅａ ｃｏｍｐａｃtｓｕbｓｅtｏｆ Ｍ 。ａｄ　Ｕ　be ａ
ｎｅｉｇｈｂｏｒｈｏｏｄｆＣ. Ｔｈｅｎ theｒｅｅｘiili S, = S,(9,れ,c,u:)ｓｕch that 和ｒｅりｅｒｙｇｅＨ(M) wi‘話
di9,g-)<.8.
(1)　　　　？(Ｃ)⊂？(び)，
(２)　　　　♂(Ｃ)⊂ｒ(び).
　ＦｒＱがSuppose that there is no δ1＞O satisfying (1.5.1). Then, there is a sequence
{斟}(ｇりｅ　Ｈ(M)) such that j(多Ｊ)→O as リ→・・and that ９”(Ｃ)巾ｇ？(び). For each ソ
we　take xv e 9'''CC)-g-v"(び). We may assume, by taking a subsequence if necessary,
that xs,一ぶ∈伊(Ｃ)aSμ一〇〇. By Lemma (1.4) we have
　　　　　ｊ(？‾”ヱ,ｇ√"xv)^rf(^-''.r,9'-'':cv)十丿印‾”乱,ｇ√”心)－O as リーCO
Since ･9-"(x-)∈ΞＣ we have ｇ√”ヱ。∈びfor sufficiently large V, which is a contradiction.
Thus, we have showed the existence of ∂1＞O satisfying (1.5.1). Similarly, we can show
the existence of ∂1＞O satisfying (1.5.2)｡
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　This completes the proof of Lemma (1.5).
(1.6) Proposition!. In　tｈｅｎｏtａ£ｉｏｎｏｆ(1.1)バheｒｅにiｓtｓ 6ｔ＞O ｓｕch　that　foｒｅｖｅりｇｔΞＨ≒(Ｍ)
and / = !,･･・，Ｋ
????????
??
???
g-(MO⊂int Ml,
£?z⊂int Ｍz一ｒ゛（Ｍ,_,）⊂Ui,
M＝
??
びz９(夕)
xｏｈｅｒｅ　Ｕｉｏ=int Ml一g-'≫(M3_,) andびi9(゛J＝　Ｕ　ｇ”(びz9).
　　　　　　　　　　　　　　　　　　　　　|司≦戸
　Ｐｒｏｏｆ.
　Claim1. There exists ∂3＞O satisfying (1.6.1).
　Ｐｒｏｏｆ.We put ∂3= min　5i(id, 1,八Ml), intMO. If j(Ｚｇ)＝d(が‾１ｊｄ)弧δ3，bｙ
　　　　　　　　　　　1く1弧Ｋ
　　　　　　　　　　　一一(1.5.2) we have ｇ(Ｍz)＝ｇｎ(y(仙))⊂id (int MO = int M, for /=1,…，尺.
　This completes the proof of Claim １.
　Claim 2. There exists δ4＞O such that for every ｇＥΞ絢4(Ｍ)and /=1, ･･・，Ｋ
(1.7)　　　　int Ｍにｆ゛(Ｍz-1)⊂Ui.
　Ｐｒｏｏｆ.We may assume that for 1=1, ･･・，尺
(1.8)　　　　函⊂intM,-/- ゛1(Ｍz-1)⊂びz，
by replacing　ｍ　by　刀z＋1　in (1.1) if necessary. Now　suppose that there is no　δ4＞0
satisfiying (1.7). Then, there are Ｚ and ａ sequence {多}(ｇｖｓＨ(Ｍ))SUCh that d{f,g.-)→0
aSリ→CO and that int Mj-c-v-"'(Mj.,) ct Ui. For each ｐ take ぶG {int Ml一g-v- (M,_i)}一
呪. Here we may assume that 乱－ｚＥＭ一肌aSジ一〇〇Since　心CtΞUi and乱Ｅ int
Ml, by (1.8) we have 乱Ｅy‾゛1(Ｍz-1)for every ソ, and so ｆ゛エＥ八M,.,)⊂int Mj_i.
０ｎ the other hand, by Lemma (1.4) we have
　　　　　dirx.g丿乱)弧j(,/^77゛２;げ゛心)十ｊ(／゛心,ｇ丿心)－O as ジー゜゜･
Therefore, we have ｇ,漂心Ｅｉｎt M, , for sufficiently large ｐ，which is a contradiction.
　This completes the proof of Claim ２.
　Take open subsets Wi of M such that for /=1, ･･・，Ｋ
(1.9)　　　　j2z⊂ｙz⊂Ｗz⊂clos Ｗz⊂int Ｍz－に"'(M,.,).
　Ｃｌａｉｍ3. There exists δ5＞O such that for every gEΞＨｓ，(Ｍ)and Z＝!，‥・，Ｋ
(UO)　　恥∩ｒ゛(Ｍz-1)＝φ，
and so
(1.11)　　　硲⊂ｙz⊂Ｗz'⊂int Ｍz－ｇ‾゛(Ｍz-1).
　Ｐｒｏｏｆ.Suppose that there is no δ5＞O satisfying (1.10). Then, we can take Ｚ and ａ
Ｓｅqｕｅｎｃｅ{ら}(斟ＥＨ(Ｍ))Sｕch that dQg.丿)→O aSリ→CX) and that Wi ｎら‾゛(Ｍz-l)≠φ.
For each u take心ＥＷｚｎ多‾゛(Ｍ,-,) and put vv=g'v'"(:!;v). Here we may assume that
心一X e clos Wi as リーoo and vv一y e M,_i as ジ一oo By Lemma (1.4) we can easily
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show jy＝L/'゛ｚ，ａｎｄhence X e clos W, U/-"'(M,_i), which is a contradiction
　This completes the proof of Claim ３.
　Ｃｌａｉｍ4. There exists ∂6＞O such that for every ｇＥ Ｈ,ｅ(Ｍ)
(1.12) Ｍ
£
Ｕびz９(タ)
Ｚミ1
　Proが. We put 56= min {55,5i(/,り7i,W{):|副Kjり，１£１≦:目.
Then, by (1.5.1) and (1.11) we have /"(VO三？(Ｗz)⊂♂(びぶ) for every ｇＥ とa6(Ｍ)，
べ出盛戸) and Z= l,…, K. Therefore we have
　　　　　　　£
and so Ｍ＝Ｕ Ｆｚ(Ｊ))
　　　　　　　ｚ－１
　ｙど'゜1
刀
心/”(‰)⊂よ1
⊆ごびzｙj三Ｍ．
ｇ”(びぶ)＝びり(゛'
　This completes the proof of Claim ４.
　We put 52=mim {53,5^,55,55}. Then, (1.6.1)-(1.6.3) hold.
　This completes the proof of Proposition (1.6)｡
(1.13) Lemma.　Ｆｏｒ ｅりｅりｇＥＨ≒(M), U 19 iｓｇ-ｕｎｒeiひiｓitｅｄ.
　ＰｒｏｏｆLet ，z＞O and ヱ，？(ヱ)Ｅ Ui,. We shall prove that gjヱ∈びz。for f＝0,1，‥・，77.
Since　ｚＥΞUi!,, ix G g* (int Miy-⊂int Ml for f＝0，‥・,ra. On the other hand, since
？エ町Ｕｔ。，ｇｓエ＝ｒ(”‾゛)(♂え)申ｆ(”‾ｏ(ｇ‾゛(Ｍz-1))⊃ｆ゛(Ｍz-1)for z=0, ･･･, ?i. Therefore
we have ずX G int Ｍz－ｆ゛(Ｍz二1)＝び19 for z‘=0, ･･・。7.
　This completes the proof of Lemma (1.13)｡
(1.14) Lemma. Let g ^ H^^iM')、Ｖ ｕｋ、∩防９≠φ、where Ui,= U g"(.Ui^)、then kく1
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　77≧0
hｏｌｄs.
　Ｐｒｏｏｆ.　Assume that びり∩びり≠φ. Then, there are n>0 and ｚＥびjj such that
？ヱ∈びleg. Now suppose k'y I. Then, sinceエＥＵＩ。by (1.6.1) and (1よ1) we have
　　　　　　　　　　　　♂エＥｇ”(int仙)⊂凪⊂凪-l⊂ｆ゛(凪-1)･
which is a contradiction. Thus we have k^l.
　This completes the proof of Lemma (1.14)｡
(1.15) Proposition.　Ｆｏｒ ｇｅ Ｈｓ，(M) andエＥ Ｖｉ，■ｗｅ如t
　　　　　　　　　　　　　　ｚ＝ｚ(ヱ)＝sｕｐ{7z之Ｏ：♂ヱＥＵＩ。}．
Ｔｈｅｎ，
(1)　びｚ(ヱ)＝・・，ｇＱＥび。⊂び; for every z ^ 0,
(2)　ぴｚ(功く・・, ｇ’：ｃＧＵ１９⊂びｚμΓ!=0, ･･･, Z.
Ｍｏｒｅｏりer.ＴＯｈｅｎｚ(功<oo,theｒｅ ｅｘistkくI　ａｎｄ　―　ｐくi　-＾.ｐｓｕch　that
　　　　　　　　　　　　　　　　　ず゛”1H(ヱ)Ｅ Ｕ１９⊂呪.
　Ｐｒｏｏｆ.　Ｓ＼nee UりIｓ g-unrevisited, (1.15.1) and (1.15.2) hold. Assume that ｚ(功く・・。
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Now suppose that ず゛“1（ｚ）∈びz９（゛），i.ｅ･，ｇｓ゛゛゛1“(j:)G Uia for some ｆ（国£j））.Ｔｈｅｎ，
since p十f之O and び10 is g-unrevisited we have g”1（ヱ）Ｅ Ｕ,.ｏ　>Ｎhich contradicts the definition
of 2:(x). Thus we have ♂゛”1（功申びIS　By (1.6.3) we can take k and丿（1≠Z，旧式戸）
such that ♂”゛1”（ｚ）∈びM. Since ｚ之O and　j）十z‘之０，ず゛“1゛゛（功∈びａｎびｙ゛. By
Lemma (1ﾝ14) we have k<.l. Since 1≠I, k<l.
　This completes the proof of Proposistion (1.15).
§2. Main theorems
　In the sequel, j : ルf一八4 satisfies Axiom Ａ and the　strong transversality condition. The
following theorem is proved ,in[31.
(2.1) Theorem. / ｈａｓ　ｃｏｍｐａtible ｆａｍｉｌｉｅｓｏｆ ｓtａｂｌｅａｎｄ ｕｎｓtａｂｌｅｍａｎｉｆｏｌｄｓ，i.ｅ.
1　theｒｅ
ｅエiｓtれeighboｒｈｏｏｄｓZ^ ofΩｌ ａｎｄ ｃｏｎtｉｍｉｏｕｓｆａ-ｎａｉＥｔｅｓ　ＶＷｆ(ヱ):7)∈沁y”(ｚ゛)'び゜∫'“'
1 = 1, ･･･, K]of　ｓｕｂｍａｎｉｆｏｌｄｓ ｏｆ Ｍ ｉａti％ｆｙｉｎｇthe folio-ｗｉｎｇ ｐＴＯｐｅｒtｉｅｉ:
(1)ｙ(司’０))⊂貼ｓ(μ)，ｙ(ｙz“(ヱ))⊃耳？(μ).
(2)びX G W＼Q{) Cresp. W‘(仙))臨7z W/(功(resp. Wl‘(ｚ))zlｓ ａ ｌｏｃａｌｓtable {ｒｅ％ｐ.　ｕｎ％tahle}
ｍａ７１１ｆｏｌｄ　ｏｆエ．
(3)ＴｈｐＴｆ. iｓ ａ ｃｏｎｓtａｎt Oく２く1 ｓｕch that
　(i)j(か八)＜μ(ｙ,ｚ)，ｚＥＺｚＪ，ｚＥＷｚ’(ヱ)，
　(ii)j(戸リ，ｙ‾１ｚ)＜μ(ｙｙ)，ｚＥＺにｙ，ｚＥ貼“(牡
(4)(Ｃｏｍｐａtibiliり)びヱＥＺｊ‾ｎＺｚｊ゛ then Wj‘(ｚ)⊂Ｗぶ:功α?Ｗｊ(功⊃Wi＼功.
(5)Ｆｏｒ ｅａｃｈ エ∈Ｚｚ，Ｗｊ゛(エ)α?Wj(功z･ｓ tｒａｎｓＴｊｅｒｓａｌａt 工．
　We may assume that Qt⊂防⊂closびz⊂Ｚμor Z = l, ･･・，尺, where U, are neighborhoods
of Q,, in Filtration Lemma (1.1). Then, there is ａ contant α＞O such that 5≫(clos UO⊂Z^
for Z=l, ･･・, K, where
jB≪(cIoｓＵ，.)＝{エｅ　Ｍ：
d(x, clos t/,) ^α)}. Also, we can take
constants£(が)ａｎｄ£(ｙ-1)＞O such that
　　　　　j(八，yｙ)££(/)ｊ(ヱ,ｙ)，ｊ(／-１ｚ，／‾り)££(y-1)j(ヱ，y)
for every X, y ^ M with d<ix,y-XαWe put
　　　　　　　　　　　　　　　L = max{l, L(/),£(/-')}
and for 1 = 1, ･･・, K, a=s, M, and x ^ Zi
　　　　　　　　　　　　　　　Ｗ。″(ヱ)＝Ｗz″(功∩β，(エ)，
where B≫(jr)={y e M：dCx,ダ)二灯
(2,2) Theorem.　Ｉｆ ｆ ｓａtiｓfieｓＡｘioｖｉＡ ａｎｄ 山ｅ ｓtｒｏｎｇtｒａｎｓｖｅｒ‘ｓdiりｃｏｎｄｉtｉｏｎ，tｈｅｎかｒ
Ｅｗワε＞Otｈｅｒｅ ｅエistｓ
a＞O ｓａ幽妙ｉｎｇ　thefolloｖａｉｎｓｐｒｏｐｅｒり:Ｆｏｒ　ｅｖｅｒｙｇＥ HsiM'), xo G
Ｍ，ａｎｄ ｐｏｓitii，ｅｉｎ£ｅｇｅｒｎ theｒe iｓ エＥ Ｍ ｓｕｃｈｌｈａ£foｒ i＝0，‥・。z
(1)　　　j(戸ｚ，み;o)＜s.
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(2.5)
(2.8)
ぴ
1
-
1－2
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for every　m^ Z
　ＰｒａがFirst, we define αz and βi inductively as foUows : By (2.1.5) for sufficiently
smallα1＞O there is β1＞O so that　Ｗこ1(ヱ)ｎＷこ1(y)ConSiStS of a single point whenever
ｚ。yeZi with j(ｚ，ｙ)£β1. Letα1，‥・，αz_l　and　β1，・‥，βz-1be given. Take a, > 0
so that
(23)α,£αz_l and£≒£j－β2-1.
where q = 2p十l and戸is as in (1.3). For this αz＞o there exists βz＞o such that
(2.4) Wぷz(功ｎＷｚﾆjCy) consists of a single point ｗheれever ｚ，y^Z, with j(ヱ,つ)くβz.
Moreover, take ai, ･･・，αΓso small that
£
αz <, min ｛-y
z=1　　　　　　　　　2 ヤ
Pｕtβ=min {£,≪,β1，‥・，βχ｝.
　Next, choose ａ positive integer Ｎ＞9 S0 large enough that
(2.6)　λ″αzKJト
for　Z＝1ぺ･･, K.
　Finallｙ，ｃｈｏｏsｅ∂＞O so small that a£δ2 and that
(2.7) if [xふe^r is 21i5-pseudo-o｢bit of / then ｣(f’ｘ ヽ工¶為キｊ)こそ‾
　　　and j with ＼j＼^2N。
ｗherｅ∂2 is as in Proposition (1.6)｡
　Ｌｅ･t　ｇＥ Ｈ．(M), :co e M and n>0. We shall find X G M which satisfies (2.2.1).
Therefore we may assume that ヱoEびH for some Z1. Put
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1　　　　IJIニがヱo
?ｏｒ　いＴｈｅｎ，・{ヱ山Ｅｚ　is a 5-pseudo-orbit of / since　ｊ(f,ｇ)≦てδ.Ｂｙ applying
Proposition (1.6) repeatedly, we can find three sequences of ｉｎtｅｇｅrS，尺之ZI＞‥・＞な1，
0くＲＩ＜‥・＜Ｒ，ａｎｄ 1 <C/Ci, ･･・，Ｋ。≦てQsuch that for 1 = 1, ･ ･・，５
　　　　　　　　　　　　　　ヱ/?i-l+ K'i-l'゛゜゜1ヱフ11∈び41ヱり＋にfEび!i+l >
and
　　　　　　　　　　　　　勾∈び!. +
l　for
ｅ゛eryｊ２ Ｒｓ十K,,
where　Rn = Ko=Q. For each ，‘＝1，‥・，s　write　Rt―^4-1十KI_1十ＦｉＮ+ ni　with ｒ，:こ≧Oand
O£721＜Ｎ。Take r,+i 2 0 such that
　　　　　　　　　　　　　Ｒｓ十Ｋs＋ｒｓ＋1ｙ之z7，
and put　Ｒｓ，χ＝Ｒｓ十Ｋｇ十ｒｓ＋iN，
　Define x'ke, for k=0,1,・･･, r. inductively as follows:　ｙ°ＥＷぶz1（jｒo）ａｎd
X.(k+l)N°ｗしz1(ゴｊｕｖ)ｎｗふzl(ヱほリ)記)
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We sha】Ishow that the above definition makes sense. Let x＼, "・，ｙｉ。be defined. By
the choice of S (2.7) we have that for f＝Oよ‥・，Ｎ
(2.9)　d(ipx^。，ｚｉ。。,）くうー≦てα
Therefore･f*XtN eβμ：XkN + t^⊂召。呪1）⊂Ｚzl for z’＝0，1，‥・,N. Since ｚ‰ｖＥＷらz1（ｚｌｙ），
by（2工3) we have
（2.10）j（戸エ‰，y‰ｊ）くｊαz1弧αzl
for 2=0,1, ･･・, N. By (2.9) and (2,10) we get
(2.11)　j（fl工≒ｃＮ，工ｉＧＮキ４）£λ゛αzl十号くαi1十万£α
for　J=O,1, ･･・, JV. Putting i=N in (2.11), by (2.6) we have d（/″ｚ‰7，ｚi2ｖ４）くλ″αz1
十善二一で一十万＝β公β; Hence (2.8) is well defined by the choice of βzl（2.4）.
We shall show that
『２』２）　　ｊ（ｊ‾゛ｊｒ’･k+UNt nf-x‰9）二λ゛αil
holds for every　O二友＜ｒl　and　z･=0,1, ･･･, N. Since xとｖ４∈防1，bｙ（2.11）戸ヱ‰ｖ
ｅＢ≪（呪1）⊂Zj,. Since x'(t+＼)。ＥＷふz1（y″エW) by (2.8), (2.12) holds by (2.1.3. ii).
　We shall show that
(2.13)　dif-り飛″’４″-゛）くづ‾十
八λ池1＜‾ｼ＋1こi°
゜゛1心゛
holds for 友゜1, ■■■,r,and i = 0, 1ぺ‥，たＮ， by induction on ゐ．　Putting k=0 in (2.12) we
have dif-'x'^, f-゛／″ｙｏ心λ゛αn　for z=O,l, ･･■,N. Also, putting k=Q and‘z･=N―i in
(2.11) we have j（ア″‾ｙo，ヱ・-,）＜αz1十手for 2=0,1, ･･・, N. Therefore we have
　　　　　j（/‾七泌･Ｊｙ-１）心λ4αz1十αz1十
手二」ﾄ十魚λ゛α!l
for t=0よ…, N. Thus we have proved that (2.13) holds for 1＝1.ASSｕｍｅ that Ｇ≧2
and (2.13) holds for any が心友Then, we have
(2.14)　　戸りしG Ba(Xkiq-i)⊂＆（びz1）⊂Z.i
for　!=0,l,・･･, ^;V. By (2.11) and (2.12) we have
(2.15)　　ｊ（ドリ(k +l)N,エ（ｉ十＼1N-1）心ｊαz1十両1十三心三十七がαn
　　　　　　　　　　　　　　　　　　　　　　　　　　2　　　2　　&-0
for　1=0,1, ･･・, N. In the proof of (2.12) we see that　・
(2.16)　　y‾″が(t+1)ぷＥＷ“　。　（ヱ‰ｖ）｡
　　　　　　　　　　　　　　Z1（λSZ1）
By (2.13), (2.14) and (2.16) we can estimate as follows :
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　し
(2.17)　　　j（y‾（″゛口ぞ（いDiv. X(t+＼)Ｎ-(Ｎ＋口）
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Ｋｊ(ドワ‾″ヱ‰＋1)ｙ， f‾゛八記)十ｊ(／‾゛八Nt XtN-iJ
≦てλ゛λ勿zl十手十八λ％1弓手十ｊ αz1二α
for　z･＝0､1、…、kN、Combining (2.15) and (2.17) we see that (2.13) ho】dsfor k+1.
　Define　ヱ‰1＋ｚl　by
(2.18)　　^ Kl +Kl°Ｗふ"1゛X n″）ｎＷふ,, C-^≪i゛j゛1）･
We shall prove that this definition makes sense. Since 7z1＜Ｎ　ａnd ＫＩ＜ｑ弧Ｎ、
(2.19)　　7z1十K,<,2N.
Since　ZI＜Z2、by (2.3) we have
（220）　がαzlK£゜αz1-1＜‥・弧£9αl2 +l ^ '"-卜βz2.
By (2.19) and the choice of ａ we have
(2.21)　ｊ（/りr,N,エriN+t} ^ -y一弧α
for　2=0,1, ･･・, ni十Ku　Since XriN･ ‥’・^riN+ni ^ U[,･by (2.21)/'エｒｉＮＥ Ｂ≫（防1）⊂Ｚ゛l
for　゛｀゜1･‥゛リ21･　Also･ since x'r,N e Wj:≒（Ｊｒl″）
(2.22)　　dif'x'r.・，/り;，1・）£λ*≪!l ^ ≪lx<.α
for　z‘゜0,1,･･･, ni.　By (2.20), (2.21) and (2.22) we can estimate as follows :
For　t=O,l,・‥，尺1
(2.23) ｊ（ｱIMｙｒ lｙ･XriN+ﾀil＋1）
　　　　　　　＜ｊ(戸／？。liv, /*/‘ｚｒlj)十ｊ(y
■2ri≪)XriN・，l。,)
　　　　　　　<.L(ifya,,十手£がαzl十手£{－βz2十干臨＝βz2
Putting　z°＝Kl　in (2.23),　we get ｊ(/”1゛゛1‰ｙ，ヱzll＋π1)≦てβ;,,and henceロ｡18) is well
defined.
　Since ^≪i+Kri eびz2 and βz2弧α, we have
(2.24)
/゛1りｒい
ｒlｙE≡ｚz2
By (2.21), (2.22) and (2.23)
(2.25) ｊ（だぞriN, X。ｌｙ４）弧う一十£９αz1≦こα
holds for　2=0,1･‥゜･ "l十K1.　Since ^(･a;'Ri+sri･ /”1゛glｙｒljｖ)弧ｇz2　by(2.18), we have
(2.26)
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j(y‾咄‰1＋Jｒ1， /‾゛戸゛J゛r1ヱ‰zｖ)二£(y‾1)゛“z2＜£゜ai2 <. a
for　i=O,l, ･･･, K,.　Putting z･゜”li11(2.25) we have
(2.27) 戸 ｙｒｌｘＥ召衣:石･び十ぶ）⊂βμ:防1）⊂2n
We shall prove
(2.28)　　y
??
z‰1゛瓦ＩＥｗふ？゛z2）（
丿１
工り１Ｎ）
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(2.24) and (2.27) /"'工Ｉ-TCi
ni+Ki t-　Therefore,
by (2.1.4)
18) and (2.26) we have
/J≒‰
1＋ｒ1∈パ゛1(叩乱2(ｱ皿lｙヴ))⊂戸い1(ｗふムz2))(ｱ匹1‾1ギヴ))
　⊂゜¨⊂呪乱‰)(/1がヤ)⊂ｗぶムz2)(戸琵1八
which proves (2.28).
　By (2.22) and (2.28) we have
(2.29)
　-Ol十£1）y　　　ぞ″1゛ｙｌＥＷふ？゛z2べ■S'riiv)
　We shall prove that
(2.30)　j（ﾌﾞ‾を≪i+jri> Xri+Ki-j) ^づ一十が☆αz1十L''cc,,<.a
holds for　;=0,l, ･･・，剔十尺,. We consider three cases :（i）j＝z･(0<.i°弧KI），（ii）j≒十
K, (0≦;z <?z,) and (iii) j = 7i.十尺1十i（oくｆ弧ｒ2N）.
　In the case (i), by (2.25) and (2.26) we have
　　　　　　　dif-を‰l+JCl･ ^Rl+Ki-D
　　　　　　<.dQf-なりl+i'l･ /-*/　　x'r,^-) + d(if　　　x'riiv, X。l+JTl-t)
　　　　弧£゜αz2十号十£９αil
In the case (ii), by (2.25) and (2.28) we have
　　　　　dif-をI･ヱ/71＋ｚ1-j）
<.dir'f Rl+K＼7バゾ1 y，lｙ)十ｊ(／
　　　　弧ｊ£゜αz2十全十£゜α!l
In the case (iii), by (2.13) and (2.29) we have
　　　　　j（y‾jヱ‰1＋ｚ1･ヱ/71＋ｙ1-j）
　　　　　　　　-(rti+Ki)
<.dif-'f
7.1-*
x'r-i_N, Ｊｒｌｙ＋ｸｉｌ－１）
ヱ‰１＋ｚ１･／‾‰‰ｙ)＋ｊ(ｙ‾ｙｒｌｙ･エri/v-t)
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(2.32)・
(2.33)
弧
弧
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αz2＋£9αz3＜α
　　　弧λ゛がαi2十
不
十･☆αzl●　　　　　　’　　　r　　　　　　　　　　’
おＬ
言言bove that for every O＜た弧ｒ2 the following inequalities hold : For 2=0,1, ･･・，
(2.31)　　　　^＼J ^ R-＼+K＼+kNi -^R＼+K＼-＼-if,Ｎ-1）
β-
β-
　　１・
十Σλ1αz2
　1-0
十£９
柏乙・
1
-
1－λ
　　　　　　　　　　　鮨
αz1十£9αz2十£゜Σ"1 itW/v
　　　　　　　　　　　£-0
αz1十£9
＋£９
αz。弧α
十£９
if　O＜f£たＮ
＼?　ｆｅＮくｉ二馬十K1十feＮ
αz1＋£゜
-
1
-
1－λ
-Ｓ
　１
-
１－
j(/り，乱)＜
λ
β
-
　１
Ｗ１－λ
Also, similarly as (2.18) we can define Ｊ‰2＋ｘ2･･and prove･ that
ｊ(ｙり;‰2＋ｒ2･ヱ/12＋£2-1)弧
β
-
j(y-ｙ。
t+1' ■^■≪s。1-1)弧づ一十が
　　　　　　　　　　　・　　　　　　　　　　　　　　　　　　-"l+lholds for　z=O,l, ･･・. Rg+i. Putting ヱ＝ｙ
1
-
1－λ
holds for　z=0, 1,・‥，R2＋K2.And further, we can define x‰s。1,^""i prove that
(ｙ。,+i), we have by (2.5) and (2.33)
????ー
?
‐
???
　Ｆ
-
1－2
for　!=0,l, ･･・, ^≪+l,　which proves (2.2.1).
　This completes the proof of Theorem (2.2).
　The following lemma is due to Ａ. Morimoto ([2], Lemma ２ and ３].
(2.34) Lemma.ねＺ,？ＥＨ(Ｍ). ＳＭ＊i>ｏｓｅthat dim･ Ｍ＞3　ａｎｄ　Ｍ　- Ｆｉｘ(９)is ｄｅｎｓｅｉｎ Ｍ，
Ｔｈｅｎ，かｒａｎｙ 8-ｔ>ｓｅｕ(io-ｏｒbit{£山Ｅｚが9ﾜα?四ｙ z･ｎtｅｇｅｒn>0theｒｅ ａｒｅｇＥ Ｈ(Ｍ)ａ?
エＥ Ｍ ｓｕch that ｄ(タ，ｇ)く36 ａｎｄ dCxi,gり;)＜弱兵Γ !=0, 1, ‘･ ･, n .
(2.35) Lemma.£et <P G i/(M). Ｓｕｐｐｏｓｅ,ｆｏｒａ７１:ｙ£>0, theΓe is∂＞Oｖoith tｈｅｐｒｏｐｅｒり
that foｒａｎｙ　Sやｓｅｕｄｏ-ｏｒbitしti}t^Z　ｏｆｇ ａｎｄａｎｙ intｅｇｅｒ　71＞0 1んＥΓeis X EΞＭ(ｄゆｅｎｄｉｎｇ
皿〇 such that d(9^x, Xi) <. ^ foΓz=O,l, ･･・i n， Ｔｈｅｎ９ ｉs stｏｃｈａｓli･callｙｓtabie.
　Ｐｒｏｏｆ.　ＳｅｅLemma ５ [21.　　　　　　　　　'
(2.36) Lemma.　Ｓｕi＞i＞ｏｓｃ dim Ｍ之3.Ｔｈｅｎ ／iｓ ｓ£ｏとh“ｓ£icallｙｓtable.
　Ｐｒｏｏｆ. We shall prove that y satisfies the condition in Lemma (2.35).
　Let　ｓ＞O　be given. For e/2 > 0　there is　0 < o( < £/2) satisfying the property in
Theorem (2.2). Since y satisfies Axiom Ａ， Ｍ －Fix(/) is dense in 皿By Lemma (2.34)
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for every i5/3-pseudo-orbit {x{}t^z of j and for every integer 72 ＞O we can find g G //sCM)
ａｎｄエ'　ｅ　Ｍ　ｓuch that dixu g'工;')^ S for i=0, ･･・, n. Also, by the property for δｗｅ can
find xEM such that j(戸ヱ，ずぞ)弧ε/2 for !=0, ･･・. n. Therefore we have
　　　　　　　　ｊ(yり, x,-)<.difり，だぞ)十j(ｇ‰≒エｔ)弧ｓ/2十鮑てs
for　:=0, ･･・, n. Thus, we have proved that / satisfies the condition in Lemma (2.35),
and so / is stochastically stable.
　This completes the proof of Lemma (2.36).
(2.37) Theorem.　Ｉｆ ｆ ｓａtiボｅｓＡエｉｏｍ Ａ ａれｄ the ｓtｒｏｎｇtｒａｎｓｕｅｒｓaliりｃｏｎｄｉtｉｏｎ，tｈｅｎｆ ｉｓ
ｓtｏｃｈａｓticallｙｓtable.
　Ｆｒｏｏｆ.　By Lemma ６ [2]/×/×/ is a diffeomorphism of MxMxM satisfying Axiom
Ａ and the strong transversality condition. Since dim MxMxM之3, by　Lemma (2.36)
/×/×/　is stochastically stable. Therefore, by Lemma ４ [2]y is stochastically stable.
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